Abstract. The aim of this paper is to study the behavior of intersection homology genera and their associated characteristic classes under morphisms of projective algebraic varieties. We obtain formulae that relate (parametrized families of) global invariants of a projective variety X to such invariants of singularities of proper algebraic maps defined on X. Such formulae severely constrain, both topologically and analytically, the singularities of complex maps, even between smooth varieties. Similar results were announced by the first and third author in [10, 22] .
Introduction
This paper and its sequels study the behavior of Hodge-theoretic (intersection homology) genera and their associated characteristic classes under morphisms of (projective) algebraic varieties. The formulae obtained in the present paper relate global invariants to singularities of complex (algebraic) maps. They thus shed some light on the mysterious formulae announced some years ago by the first and third author in [10, 22] .
These formulae can be viewed as, on the one hand, yielding powerful methods of inductively calculating (even parametrized families of) characteristic classes of algebraic varieties (e.g., by applying them to resolutions of singularities). On the other hand, they can be viewed as yielding powerful topological and analytic constraints on the singularities of any projective algebraic morphism (e.g., even between smooth varieties), expressed in terms of (even parametrized families of) their characteristic classes. (Both these perspectives will be more fully developed following our subsequent studies of the contributions of monodromy.) Among these severe parameterized constraints on singularities of maps obtained here in complex settings, only at one special value do these formulae have full analogues for noncomplex maps (at y = 1, where they yield topological constraints on the signature and associated L-polynomials of Pontrjagin classes); for that constraint on topological maps, see Cappell-Shaneson [9] (which employed very different methods) and a comparison in Remark 2.12 below.
The main instrument used in proving our results is a deep theorem of Bernstein, Beilinson, Deligne and Gabber, namely the decomposition theorem for the push-forward of an intersection cohomology complex under a proper algebraic morphism. We will use both Saito's reformulation of this theorem in the category of mixed Hodge modules [23, 25, 26] , and de Cataldo-Migliorini's Hodge-theoretic proof [12, 13] . We assume the reader's familiarity with the language of sheaves and derived categories, as well as that of intersection homology, perverse sheaves and Saito's mixed Hodge modules.
We now briefly outline the content of each section and summarize our main results. The paper is divided in two main sections: in Section §2 we discuss genera of algebraic varieties, while Section §3 deals with characteristic classes yielding these genera.
In §2.12, we first recall the definition of Hirzebruch's χ y -genus for a smooth complex projective variety [21] , then study its behavior for a smooth family f : X → Y of smooth projective varieties. Such a smooth family is locally trivial in the usual complex topology, and if F denotes the general fiber of f then, under the assumption of trivial monodromy, χ y is multiplicative, that is χ y (X) = χ y (Y ) · χ y (F ).
In §2.2, we consider arbitrary proper algebraic morphisms f : X → Y of complex projective varieties, and discuss generalizations of the above multiplicativity property to this general setting. By taking advantage of the mixed Hodge structure on the intersection cohomology groups of a possibly singular complex algebraic variety X [12, 23, 25, 27] , we define intersection homology genera, Iχ y (X), that encode the intersection homology Hodge numbers, and provide an extension of Hirzebruch's genera to the singular case. For example, Iχ −1 (X) is the intersection homology Euler characteristic of X, and if X is projective then Iχ 1 (X) = σ(X) is the signature of the intersection form on the middle-dimensional intersection homology of X. Iχ 0 (X) can be regarded as an extension to singular varieties of the arithmetic genus. The main results of this section are Theorems 2.5 and 2.11, in which the intersection homology genus Iχ y (X) of the domain is expressed in terms of the singularities of the map. More precisely, we first choose an algebraic stratification of f , then by using the BBD decomposition theorem, we measure the deviation from multiplicativity of the Iχ y -genera by correction terms corresponding to genera of strata of f and of their normal data, and those of fibers above each stratum. A precise formulation is as follows: 
If X is non-singular, the above formula becomes slightly simpler:
where F V is the fiber of f above the stratum V .
In Section §3 we outline the construction of a natural transformation, MHT y , which, when evaluated at the intersection complex IC X of a variety X, yields a twisted homology class IT y (X) with associated genus Iχ y (X). The definition uses Saito's theory of mixed Hodge modules and is based on ideas of a recent paper of Brasselet-Schürmann-Yokura [8] . If X is a non-singular complex algebraic variety, then IT y (X) is the Poincaré dual of the modified Todd class that appears in the generalized Hirzebruch-Riemann-Roch theorem. For a proper algebraic map f : X → Y , we prove a formula for the push-forward of the characteristic class IT y (X) in terms of characteristic classes of strata of f . The main result of this section uses again the BBD decomposition theorem formulated in the language of Saito's theory, and can be stated as follows (see Theorem 3.9): Theorem 1.2. With the notations and assumptions from the above theorem, for each V ∈ V define inductively
where i * is used universally to denote the appropriate map induced by inclusion. Then:
,
Without the trivial monodromy assumption, the terms in the formulae of Theorems 1.1 and 1.2 must be written in terms of genera and respectively characteristic classes with coefficients in local systems (variations of Hodge structures) on open strata.
The paper ends by discussing some immediate consequences of the push-forward formula of Theorem 1.2.
In a future project, we will consider the behavior under proper algebraic maps of χ ygenera that are defined by using the Hodge-Deligne numbers of (compactly supported) cohomology groups of a possibly singular algebraic variety. The characteristic classes that yield such genera were constructed in [8] . We point out that preliminary results on Euler characteristics of algebraic varieties (not necessarily projective), both χ −1 and Iχ −1 in the above notations, have been already obtained by the authors in [11] .
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2. Genera 2.1. Smooth families. Consider first the behavior of Hirzebruch's χ y -genera for a smooth family of projective varieties.
Definition 2.1. For a smooth projective variety X, we define its Hirzebruch χ y -genus by the formula:
where h p,q (X) are the Hodge numbers of X. Note that χ −1 is the usual Euler characteristic, χ 0 is the arithmetic genus, and χ 1 is the signature of X.
We first show that if f : X → Y is a smooth family of non-singular projective varieties (thus locally trivial in the complex topology), then under certain assumptions on monodromy, χ y behaves multiplicatively (compare [21] , Appendix II, Theorem 8.1). In the setting of algebraic geometry, this fact encodes the classical multiplicativity property of the Euler-Poincaré characteristic for a locally trivial map, and the Chern-Hirzebruch-Serre formula for the signature of fibre bundles with trivial monodromy. 
Proof. First note that, by Ehresmann's theorem, a smooth family f is a locally trivial fibration in the complex topology. Moreover, by a result of Deligne ( [15, 16] ), the following decomposition holds in the derived category of sheaves on Y :
In particular, for any k ∈ Z:
By the assumption on the triviality of monodromy, the local system R i f * Q X is a constant sheaf on Y with stalk H i (F, Q). Therefore, [23, 24, 25, 26] .) So the Hodge numbers of X can be calculated in terms of Hodge numbers of Y and F . The rest of the proof is an easy calculation using the definition of χ y -genera.
2.2.
Proper maps of projective varieties. Let f : X n → Y m be a proper map of projective varieties of indicated dimensions. Such a map can be stratified with subvarieties as strata. In particular, there is a filtration of Y by closed subvarieties, underlying a Whitney stratification, so that the restriction of f to the preimage of any component of a stratum in Y is a locally trivial map of Whitney stratified spaces. Let V be the set of components of strata of Y , and assume π 1 (V ) = 0 for all V ∈ V. In what follows, this assumption can be weaken to the trivial monodromy assumption on open strata 1 . For simplicity, we will assume that f is smooth over the dense open stratum (e.g., the latter is connected).
We will first consider the case when X is non-singular, and treat the general case of a singular variety X in Theorem 2.11.
As a convention, in this paper all intersection cohomology complexes are those associated to the middle perversity. We follow here the notation from [12] , which agrees with the one used in [5] , according to which the restriction of the intersection cohomology complex IC X to the dense open stratum of X is the constant sheaf shifted by the complex dimension of X. If X is a n-dimensional complex projective variety, the intersection cohomology groups IH k (X; Q) := H k−n (X; IC X ) carry a pure Hodge structure of weight k (similar to the structure of the cohomology group H k (X; Q) of a smooth projective variety X), see [12, 23, 24, 25, 27] . Definition 2.3. For a possibly singular complex algebraic variety X, let h p,q i (X) be the Hodge numbers of Deligne's mixed Hodge structure on H i (X; C). Let y be a variable and define genera by
Note that if X is smooth and projective, then each cohomology group H i (X; C) has a pure Hodge structure of weight i, and (2.5) is just Hirzebruch's χ y -genus.
A similar genus, χ c y , can be defined by using the Hodge-Deligne numbers of the compactly supported cohomology (cf. [14] ). This genus has nice additive properties and, moreover, if Another possible extension of Hirzebruch's χ y -genus to the singular setting is obtained by using intersection homology theory [18, 19] . Definition 2.4. Let X be a stratified pseudomanifold with only even-codimension strata, and assume that its middle-perversity intersection cohomology groups IH * (X; Q) are endowed with mixed Hodge structures. For example, X can be any complex algebraic variety (not necessarily projective), or the link of a stratum in a Whitney stratification of a complex algebraic variety (cf. [23] ). Let Ih p,q i (X) be the Hodge numbers of the mixed Hodge structure on IH i (X; C). We define intersection homology genera by the following formula
If X is a projective complex algebraic variety, then each intersection cohomology group IH i (X; C) has a pure Hodge structure of weight i, and (2.6) is the intersection genus considered in [10, 22] . If X is a (not necessarily projective) smooth variety or a rational homology manifold, then cohomology and intersection cohomology coincide, so (2.6) and (2.5) yield the same genera in this case.
As a natural extension of the multiplicativity property for χ y -genera of smooth families described in Proposition 2.2, we attempt to find the deviation from multiplicativity of the Iχ y -genus in the more general setting of an arbitrary proper algebraic map. The formulae proved in Theorem 2.5 and 2.11 include correction terms corresponding to genera of strata and of their normal slices, and to those of fibers of f above each stratum in Y . The main ingredient used in obtaining such formulae is the BBD decomposition theorem [5] for the push-forward of the intersection cohomology complex of the domain of f . This is the analogue of Deligne's decomposition theorem for smooth maps that was used in the proof of Proposition 2.2. A Hodge-theoretic proof of the BBD decomposition theorem is given in [12] , and more Hodge-theoretic aspects of it are discussed in [13] . We will use the notations from there.
The first main result of this section is the following:
proper surjective map of projective varieties, and assume X is non-singular. Let V be the set of components of strata of Y in a stratification of f , and assume π 1 (V ) = 0 for all V ∈ V. For each V ∈ V, define inductively 
where F is the generic fiber, F V is the fiber of f above the stratum V , and
The proof is a direct consequence of the decomposition theorem, and will be sketched in what follows. We begin by recalling the BBD decomposition theorem and some useful Hodge-theoretic consequences.
proper map of algebraic varieties of indicated dimensions. For simplicity, we assume that
where p H is the perverse cohomology functor.
If, in addition, f is projective and η is an f -ample line bundle on X, then the Relative Hard-Lefschetz Theorem holds. The latter implies formally the existence of a decomposition isomorphism as in (2.8).
Remark 2.7. Set U s = ⊔ l≥s S l . By the condition of (co)support for perverse sheaves on Y , it follows that [12] , Remark 3.6.1). Hence, the support condition implies that the sheaf
is supported on S s and is, by constructibility, a local system on S s .
Let
p τ ≤ be the perverse truncation of the t-structure associated to the middle perversity. The decomposition theorem implies that (cf. [12] , §2.1), by setting
and isomorphisms:
Cf. [12] , Theorem 2.1.5, the subspaces
are pure Hodge sub-structures, and the quotient spaces H l b (X) inherit a pure Hodge structure of weight l. In [12] , the groups H l b (X) are called the perverse cohomology groups of X relative to f .
Note that, if y ∈ Y and α : {y} ֒→ Y is the inclusion map, then via the natural adjunction map Id → α * α * applied to Rf * Q X [n], the groups
. By [12] , Lemma 4.3.6, for all y ∈ Y the natural maps
are strict with respect to the induced filtrations for every l ∈ Z.
By the trivial monodromy assumption, the local system
. This is a polarized pure Hodge structure of weight n − l + i (cf. [12] , Theorem 2.1.8, Theorem 2.1.9 and Remark 2.1.10, but see also the discussion in [12] v.1, §9) Remark 2.8. One of the consequences of the decomposition part of the BBD theorem is the degeneration at E 2 of the perverse Leray spectral sequence
This is a spectral sequence in the category of mixed Hodge structures, because it is induced by the canonical filtration τ on the direct image f * IC H X ∈ D b MHM(Y ) in the bounded derived category of mixed Hodge modules (see §3 for details on the latter). Under the forgetful functor to the underlying category D b c (X), this is just the perverse filtration considered above. We denote by L the filtration induced by τ , so that
In the notations of [12] used above, for X smooth and projective we have that Gr
. For X projective, the filtration L and the decomposition in the BBD theorem respect the Hodge filtration (cf. [26] , p. 129), therefore
inherits the Hodge structure induced from that of IH * (X; Q). This is just a restatement in the projective, not necessarily smooth setting of [12] , Theorem 2.1.5, and will be needed in Theorem 2.11.
is a Whitney stratification of Y corresponding to a stratification of f , then by the Decomposition and Semi-simplicity Theorem 2.6, together with the trivial monodromy assumption, we have the following sequence of isomorphisms:
Moreover, all groups involved are endowed with pure Hodge structures, and the isomorphisms above are isomorphisms of Hodge structures. The last assertion requires more explanation 2 (see also §3 for a functorial approach): in general the isomorphism φ of the decomposition theorem (2.8) is not unique, e.g., see [13] , §2.1; however, it is possible to make some distinguished choices so that it becomes "canonical" (cf. [15] ): more precisely, for a fixed f -ample line bundle η on X, there is a distinguished isomorphism φ η in (2.8), so that after applying hypercohomology to both of its sides one obtains an isomorphism of pure Hodge structures (cf. [13] , Theorem 2.8.1), thus (1) above canonically. In this paper we shall assume that the isomorphism φ is the distinguished one associated to some fixed relatively ample line bundle on X. The fact that (2) is an isomorphism of pure Hodge structures follows from [12] , Theorem 2.2.1, but see also [13] 
This sequence of isomorphisms of Hodge structures allows us to relate the genera of X to the intersection genera of closures of strata of f and genera of fibers above each stratum. It remains to identify the graded pieces H n−l+i i (f −1 (y V l )) appearing in the above isomorphism.
Following [12] , Remark 6.1.1, we first single out the contribution to H k (X; Q) of the target variety Y and the general fiber F , and identify the stalks of the local system L i,m , i.e., the group H to a stratification of the morphism f . Set U s = ⊔ l≥s S l and let f s : U ′ s := f −1 (U s ) → U s be the corresponding maps. We may assume f is smooth over S m = U m (e.g., S m is connected). Since restriction to an open subset is a t-exact functor, we have natural restriction isomorphisms
In this setup, Deligne's Theorem ( [15] ) can be reformulated in terms of the existence of an isomorphism
is supported, as a complex on U m , precisely on the connected component over which f is smooth, that is S m under our assumption. Thus
at a point y in S m is the cohomology group H n−m+i (F ; Q) of the generic fiber F = f −1 (y) of f . As F is smooth and projective, the latter cohomology group has a pure Hodge structure of weight n − m + i.
Next, for a point y s in a connected component of the s-dimensional stratum S s , s < m, we shall identify the group H n−s+i i (f −1 (y s )). The idea is to replace f by f s , i.e. by assuming that S s is a closed stratum of f , then to calculate the stalk at y s ∈ S s for both terms in the isomorphism of the decomposition theorem. Since the decomposition theorem holds in the derived category of mixed Hodge modules on Y 3 (cf. [23, 24, 26, 27] ), by taking stalk cohomologies at y s (i.e., first pull back to y s , then take cohomology) we obtain the following isomorphism in the category of mixed Hodge structures (here we use the fact that over a point, mixed Hodge modules are identified with (graded) polarizable mixed Hodge structures, see Example 3.4):
By the support condition for perverse sheaves on one hand, and the semi-simplicity theorem and characterization of intersection cohomology complexes on the other hand, we note that the summands above are trivial for i < j + s; for i = j + s the only contribution from the above sum comes in the form of (L i,s ) ys ≃ H n−s+i i (f −1 (y s )); the other contributions, i.e., for i > j + s, come from the stalks of the cohomology sheaves H j−i (ICS l (L i,l )) ys for l > s: for i > j + s the stalk formula for intersection cohomology complex yields (cf. [7] , V.3.15):
3 By [24] , Theorem 5.3.1 and Remark 5.3.12, the Hard-Lefschetz theorem for f (relatively to a f -ample line bundle η on X) holds in the bounded derived category D b M HM (Y ) of mixed Hodge modules on Y . Thus, following [15] or as in [13] , after fixing a f -ample line bundle on X, the decomposition isomorphism can be chosen "canonically" (it depends only on η) in
where L s,l is the link of S s inS l 4 , (1) follows from the trivial monodromy assumption, and where y l is a point in S l . Therefore, with the above notations we have an isomorphism of mixed Hodge structures
where the last isomorphism follows from the formula for the locally closed intersection cohomology of the open cone over a link (cf. [7] , II.3.1). Note that the intersection cohomology groups IH * (c • L; Q) of open cones on links of strata are endowed with mixed Hodge structures; indeed, they are obtained as stalk cohomologies of the intersection sheaf complexes, and the latter are pure Hodge modules in the sense of M. Saito. By the cone formula ( [7] , II.3.1), it turns out that intersection cohomology groups of open cones on links are either trivial or they are isomorphic to intersection cohomology groups IH * (L; Q) of links of strata; the latter also have mixed Hodge structures by results of Durfee and Saito (see for example [23] , §1.18). Moreover, in our notations, the weights
. It is now clear that for y s ∈ S s , an inductive procedure will identify the graded piece H n−s+i i (f −1 (y s )) in terms of intersection cohomology groups of links of y s in strataS l for l > s, and cohomology groups of fibers f −1 (y l ) for y l ∈ S l , l > s. All considerations above yield a proof of Theorem 2.5.
Example 2.9. Smooth blow-up
Let Y be a smooth projective n-dimensional variety and Z ⊂ Y a submanifold of pure codimension r + 1. Let X be the blow-up of Y along Z, and f : X → Y be the blow-up map. Then X is a n-dimensional smooth variety, and f is an isomorphism over Y \ Z and a projective bundle (Zariski locally trivial with fibre CP r ) over Z, corresponding to the projectivization of the normal bundle of Z in Y of rank r + 1. Formula (2.7) of Theorem 2.5 reduces in this case to a more familiar one ( [8] , Example 3.3):
Formula (2.16) can be also easily obtained just by using the properties of the χ y -genera of complex algebraic varieties (cf. [14] , where Hirzebruch's genus is extended to singular varieties by means of mixed Hodge numbers of compactly supported cohomology), and it holds if one considers X to be the blow-up of a complete variety Y along a regularly embedded subvariety Z of pure codimension r + 1. By the "Weak Factorization Theorem" [1] , any birational map h : S → T between complete non-singular complex algebraic varieties can be decomposed as a finite sequence of projections from smooth spaces lying over T , which are obtained by blowing up or blowing down along smooth centers. Then (2.16) yields the birational invariance of the arithmetic genus χ 0 of non-singular projective varieties (see the discussion in [8] , Example 3.3).
Remark 2.10. Formula (2.7) yields calculations of classical topological and algebraic invariants of the non-singular projective variety X, e.g. Euler characteristic, signature, arithmetic genus, in terms of singularities of proper surjective algebraic maps defined on X.
We end this section with a discussion on the general case when the domain of f is a singular projective variety X. This yields the second main result of this section (compare [10, 22] 
Proof. By [12] , Theorem 2.3.1, and [13] , Theorem 2.8.1, the case of a singular variety X can be treated in a similar manner as the non-singular case, by simply replacing Q X [n] by the intersection cohomology complex IC X , thus replacing the cohomology groups H k (X; Q) of a smooth projective X by intersection cohomology groups IH k (X; Q) := H k−n (X; IC X ) in the singular case. As mentioned earlier, the latter has a pure Hodge structure of weight k.
It remains to identify of stalks of local systems L i,l appearing in the statement of the semi-simplicity part of the BBD theorem. Recall that the operation of taking perverse cohomology commutes with restriction to open subsets, and the same is true for the operation of forming intersection cohomology complexes associated with local systems. Now by an inductive procedure, by restricting the isomorphism in the decomposition theorem to larger and larger U s , s ≤ m, finding the stalks of local systems L i,l at points y l ∈ S l amounts, by following an argument similar to that in the proof of Theorem 2.5, to identifying the stalks of cohomology sheaves of Rf * IC X . From this, we first note that for y ∈ S m we have:
for F the general fiber of f . Indeed, the general fiber F of f is normally nonsingular embedded in X, thus for any y ∈ S m we have a quasi-isomorphism ( [19] , §5.4.1):
hence an isomorphism:
Next note that for y s ∈ V with V ∈ π 0 (S s ), we have that: 
5 where in (1) we used the fact that the inverse image of a normal slice to a stratum of Y in a stratification of f is normally non-singular embedded in X (this fact is a consequence of first isotopy lemma, see [20] , I.1.6). The groups
inherit mixed Hodge structures via the isomorphism with the stalk cohomology of (the Hodge module) Rf * IC X , where the intersection complex IC X is now regarded in Saito's theory, i.e., as a mixed Hodge module (cf. §3).
The rest follows as in Theorem 2.5.
Remark 2.12. For a n-dimensional projective variety X, the value at y = 1 of the intersection homology genus Iχ y (X) is the Goresky-MacPherson signature σ(X) of the intersection form in the middle-dimensional intersection cohomology IH n (X; Q) with middle-perversity ( [18] ). Therefore, under the trivial monodromy assumption, formula (2.17) calculates the signature of the domain of a proper map f in terms of singularities of the map. In [9] , a different formula was given for the behavior of the signature (and associated L-class) under any stratified map. Those topological results were obtained by a very different sheaf theoretic method, i.e., introducing a notion of cobordism of self-dual sheaves and showing sheaf decompositions up to such cobordism, in contrast to the present use in complex settings of powerful refinements of BBD-type sheaf decompositions. By comparing the two formulae in the case of a proper map of algebraic varieties, one obtains interesting Hodge theoretical interpretations of normal data encoded in the topological formula for signature [9] . We exemplify this relation on a simple example, namely that of blowing up a point: Let X be obtained from Y n by blowing up a point y. Let L be the link of y in Y . Formula (2.17) becomes in this case:
On the other hand, the topological formula for signature in [9] yields
where
is the topological completion of f −1 (intN), for N a piecewise linear neighborhood of y in Y with ∂N = L. Comparing the two yields a Hodge-theoretic interpretation for the signature of the topological completion E y , namely:
Presumably, all results in this section remain valid if one considers projective morphisms of arbitrary algebraic varieties, or even of irreducible analytic spaces (over C). In the latter case, one needs to assume that the domain of the map f has a smooth Kähler resolution (i.e., there is a proper surjective morphism π :X → X withX smooth Kähler). The assertion should follow from the fact that in proving our results we only need the BBD decomposition theorem, which actually holds in this more general setting: in the analytical case, it was proved by Saito in [26] (see the discussion in §3.1 for more details on Saito's theory of mixed Hodge modules).
Characteristic classes
In this section we construct a natural characteristic class transformation, MHT y , which for a variety X yields a twisted homology class IT y (X) with associated genus Iχ y (X). The main result of this section is a formula for the proper push-forward of such a class. The construction of MHT y follows closely ideas of a recent paper of Brasselet-Schürmann-Yokura ( [8] , Remark 5.3, 5.4, but see also Totaro's paper [28] , §7), and is based on Saito's theory of mixed Hodge modules. Generic references for the latter are [23, 24, 25] , but see also [27] .
3.1. Mixed Hodge Modules. For ease of reading, we begin by introducing a few notions that will be used in the definition of the characteristic class transformation MHT y . A quick introduction to Saito's theory can be also found in [8, 23] .
Let X be an n-dimensional complex algebraic variety. To such an X one can associate an abelian category of algebraic mixed Hodge modules, MHM(X), together with a functorial push-down f ! on the level of derived categories D b MHM(X) for any, not necessarily proper, map. If f is a proper map, then f * = f ! . In fact, the derived category D b c (X) of bounded constructrible complexes of sheaves of Q-vector spaces underlies the theory of mixed Hodge modules, i.e., there is a forgetful functor
c (X) which associates their underlying Q-complexes to mixed Hodge modules, so that
that is to say that rat • H = p H • rat, where H stands for the cohomological functor in
The objects of the category MHM(X) can be roughly described as follows. If X is smooth, then MHM(X) is a full subcategory of the category of objects ((M, F ), K, W ) such that: (1) (M, F ) is an algebraic holonomic filtered D-module M on X, with an exhaustive, bounded from below and increasing "Hodge" filtration F by algebraic O X -modules; (2) K ∈ P erv(Q X ) is the underlying rational sheaf complex, and there is a quasi-isomorphism α : DR(M) ≃ C ⊗ K in P erv(C X ), where DR is the de Rham functor shifted by the dimension of X; (3) W is a pair of filtrations on M and K compatible with α. For a singular X, one works with suitable local embeddings into manifolds and corresponding filtered D-modules with support on X. In this notation, the functor rat is defined by rat ((M, F ) , K, W ) = K. [24] . The category MH(X, k) p of polarizable Hodge modules on X of weight k is a semi-simple abelian category, in the sense that every polarizable Hodge module on X can be written in a unique way as a direct sum of polarizable Hodge modules with strict support in irreducible closed subvarieties of X. This is the so-called decomposition by strict support of a pure Hodge module. If MH Z (X, k) p denotes the category of pure Hodge modules of weight k and strict support Z, then MH Z (X, k) p depends only on Z, and any M ∈ MH Z (X, k) p is generically a polarizable variation of Hodge structures. Moreover, the converse is also true: any polarizable variation of Hodge structures can be extended uniquely to a pure Hodge module. In other words, there is an equivalence of categories:
where the right-hand side is the category of polarizable variations of Hodge structures of weight k − dim(Z) defined on non-empty smooth subvarieties of Z.
Example 3.2. If X is smooth of dimension n, an object M ∈ MHM(X) is called smooth if and only if rat(M) is a local system on X. Then Saito [24] proved that a polarized variation of Hodge structures V of weight k on a smooth n-dimensional variety corresponds to a smooth mixed Hodge module and pure of weight k + n, whose underlying perverse sheaf is V[n]. By the stability by the intermediate extension functor it follows that if X is an algebraic variety of dimension n and V is a polarized variation of Hodge structures of weight k on a Zariski-open subset of X, then IC X (V) is pure of weight k + n.
The BBD theorem can be formulated in the language of Saito's theory, and the formulations in [5, 12] can be regarded as consequences of this by applying the forgetful functor rat. We first recall the notion of a "pure complex" in the theory of mixed Hodge modules.
3.2.
Construction of the transformation MHT y . We will now construct the transformation MHT y while continuing to survey Saito's theory (for more on this, see also [8] ).
For any p ∈ Z one has a functor of triangulated categories 
is the constant Hodge module on X, and if X is smooth and pure dimensional then gr
The transformations gr F p DR(M) are functors of triangulated categories, so they induce functors on the level of Grothendieck groups. By associating to a complex its alternating sum of cohomology objects, we obtain group isomorphisms:
is the Grothendieck group of coherent sheaves on X. With this observation, we obtain the following group homomorphism commuting with proper push-down:
Recall that G 0 is a covariant functor with respect to the proper push-down f ! defined as follows:
, for R i f * F the higher direct image sheaf of F . Note also that by work of Yokura (cf. [8] and references therein) one can define the following generalization of the Baum-Fulton-MacPherson transformation for the Todd class:
with td k the degree k component of the Todd class transformation td * of Baum-FultonMacPherson [4] , which is linearly extended over Z[y, y −1 ]. Since td * is degree preserving, this new transformation also commutes with proper push-down (which is defined by linear extension over Z[y,
We can now make the following definition, which is also discussed in [8] , Remark 5.3:
The transformation MHT y is defined as the composition of transformations:
By the above discussion, MHT y commutes with proper push-forward.
Example 3.4. Assume X is a point. Then by [25] , there is an equivalence MHM(pt) ≃ {polarizable mixed Q-Hodge structures} between the category of algebraic mixed Hodge modules over a point, and the category of polarizable mixed Q-Hodge structures. A mixed Hodge structure is called polarizable if its graded pieces are so. Here one has to switch the increasing D-module filtration F * of the mixed Hodge module to the decreasing Hodge filtration of the mixed Hodge structure by F − * = F * , so that gr
We will be mainly interested in the case when V Q is a stalk of a local system L i,l appearing in the semi-simplicity statement of the decomposition theorem (recall that these are polarized Q-Hodge structures by [12] ). Then:
. Therefore, over a point, the transformation MHT y can be regarded as a polynomial Hodge characteristic Hc y : K 0 (MHS) → Z[y], defined on the 3.3. Formula for proper push-forward. We begin this section with the following simple observation. 6 If f : X n → Y n is a proper surjective algebraic map between irreducible ndimensional algebraic varieties so that f is homologically small of degree 1 in the sense of [19] 
, Theorem 6.2). Moreover, as rat : MHM(Y ) → P erv(Y ) is a faithful functor, this isomorphism can be lifted to the level of mixed Hodge modules (cf. [23] , Theorem 1.12). Since MHT y commutes with proper push-down, we have that:
In particular, if f : X → Y is a small resolution, that is a resolution of singularities that is small in the sense of [19] , then:
where T y (X) is the modified Todd class that appears in the generalized Hirzebruch-RiemannRoch theorem (cf. discussion in Remark 3.6). One may be tempted to consider formula (3.7) as a definition of the class IT y (Y ). Unfortunately, small resolutions do not always exist.
The main result of this section is the following: 
where the sum is over all 
Proof. Fix a stratum V ∈ V, and let L be one of the local coefficient systems on V that appears in the semi-simplicity part of the decomposition theorem. By the trivial monodromy assumption, L is a constant sheaf. Moreover, its stalks are polarized Q-Hodge . Now formula (3.8) follows from the BBD decomposition theorem in Saito's formulation [23, 24, 25] , where the semi-simplicity part corresponds to the decomposition by strict support of a pure Hodge module (which is unique), combined with the trivial monodromy assumption 7 , and the fact that the transformation MHT y commutes with proper pushforward. In what follows we describe some simple consequences of Theorem 3.9. Our assumption of trivial monodromy along strata will be kept in place without further reference.
Recall that if X is smooth and pure-dimensional, then IT y (X) = T * y (T X) ∩[X] = T y (X). In this case it follows that T −1 (X) = c * (X) = c * (T X) ∩ [X] is the total (homology) Chern class of X, T 0 (X) = td * (X) = td * (T X) ∩ [X] is the total Todd class, and T 1 (X) = L * (X) = L * (T X) ∩ [X] is the total Thom-Hirzebruch L-class in homological notation. Then in the notations and assumptions of Theorems 2.5 and 3.9, if X is smooth and pure-dimensional (e.g., X is a projective resolution of singularities of Y ), we have the following formula for the push-forward of the characteristic class T y (X):
In particular, if X and Y are smooth and pure-dimensional, and f : X → Y is a proper surjective map, not necessarily smooth, then (3.9) shows the difference between the characteristic classes f * T y (X) and T y (Y ). In particular, for y = 0, this yields the well-known formula 8 (e.g., see [8] , Example 3.3 (3)):
f * td * (X) = td * (Y ).
As a special case, we also obtain the following generalization of some well-known facts for smooth proper maps (e.g., see [21] , §23.6, for a discussion on Todd classes, or [9] for a more general formula for L-classes): We conclude by pointing out that the assumption of trivial monodromy is closely related, but different than the situation of "algebraic piecewise trivial" maps coming up in the motivic context (e.g., see [8] ). For example, the formula in Corollary 3.12 is true for a Zariski locally trivial fibration of possibly singular complex algebraic varieties (see [8] , Example 3.3).
